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Angular Momentum

J=L+S
The following formulas are valid even if we replace J with L or S.
J xJ=1ihJ

3
[le Jm] = th Elmn*]n

n=1
S =T+ TS+ T
[P0 = [2,0,] = [72,0.] =0

01,03, 2 3 [(J:)]

St

Generator of rotations

R (7, $) = exp <—i¢Jﬁ>

- Rinternal (ﬁa ¢) Rspatial (ﬁ7 ¢)

where Rspatial (ﬁ,, ¢) = exp (—Z¢h > , and Rinternal (TL, ¢) = exp <_Z¢: ) ’

When the total angular momentum quantum number is a half-integer (1/2, 3/2, etc.), R (72, 360°) = —1, and when it is an
integer, R (7, 360°) = +1. Mathematically, the structure of rotations in the universe is not SO(3), the group of three-
dimensional rotations in classical mechanics. Instead, it is SU(2), which is identical to SO(3) for small rotations, but where a
360° rotation is mathematically distinguished from a rotation of 0°. A rotation of 720° is, however, the same as a rotation of 0°.

On the other hand, Rspatia1 (ﬁ, 3600) = +1 in all circumstances, because a 360° rotation of a spatial configuration is the
same as no rotation at all. (This is different from a 360° rotation of the internal (spin) state of the particle, which might or might
not be the same as no rotation at all.)

When rotation operators act on quantum states, it forms a representation of the Lie group SU(2) (for R and Ripternal), OF

50(3) (for Rspatial)-

Conservation of angular momentum

In a spherically-symmetric situation, the Hamiltonian is invariant under rotations and angular momentum is conserved.
RHR'=H=[H,R|=0=[H,J] =0

Ladder operators

J— - Jg) - in,



Jza*] theuk']kv

where €; 3, is the Lew Civita symbol and each of i, j and k can take any of the values x, y and z.

From this, the commutation relations among the ladder operators and Jz are obtained,

[J., Je] = £hJs
[Jy,J-] = 2RJ,
Jili,m) =hy/ (G —m)(G+m+1)|j (m+1)) =k + 1) — m(m + 1) | (m + 1)),
J-|j,m) =k (G +m)(i—m+1)[5(m—1)) =hV/j(G+1) —m(m — 1)|j (m — 1)).
Since —j <m < j
Jiljj) =0
J-13(=j)) =0
The Variational Method
(Y| H|p)
BWI= gy 25

If 1 is a function of c, 3, . . . then E[1] reduces to a function, E(a, S, . . .). We then find the values (o, Bo, . . .) which
minimize E. This minimum E (ao, Bo, - - .) provides an upper bound on Ej.

Higher energy states

For example to get the energy of the 1st excited state we can find all states which are perpendicular to ¥ (ag, Bo, - - .) and
then minimize the energy. That will given an upper bound to the 1st excited state.

If H is rotationally invariant, the energy eigenstates have definite angular momentum. The ground state will have [ = 0. By
varying spherically symmetric trial functions we can estimate the ground-state energy. If we next choose [ = 1 trial functions

[ = R(r)Y1"], E[4] wil obey
E[Y] > B

where E;_; is the lowest energy level with [ = 1. We can clearly keep going up in [.

The WKB Method

The energy eigenfunctions with eigenvalue E are

b(@) = $(0)eFP /b= 2m(E — V)12

Suppose that V' varies very slowly. We then expect that over a small region 1 will still behave like a plane wave, with the
local value of the wavelength

2mh 2mh

Mo) = o) ~ EmE - V@

then

$(o) = (an)exp [£(i/m) | @) ae'|

Validity
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1st order

Without loss of generality we let 1(x) = expli¢(x) /R

let

¢ = do + hiy + hPo + - --

if we neglect all /i terms we get the previous result. But if we include A¢; we get

$(o) = b a0) | 2] . B p(e) v

Time-Independent Perturbation Theory

Developed by Erwin Schrodinger.

H=H'+H
= |n0>+|n'>+|n2>+
E,=E'+E +E>+

Equating each order we get

Y o) = B2 )
H|ny + H |n°) = E) |n') + E,, |n°)
H° |n*) + H'|n') = E), |n*) + E, |n') + E2 |n°)

Using <n0 | n’"> = 0forr > 1 we get

E, = {(n"|H'|n")

1 m®) (m® |H| n
’”*%‘ ot 201
= (n" |H'|n') = ; [ |HI|%>‘

Validity

A necessary condition for |n!) to be small compared to [n?) is that

(m® |H | nf)

<1
B0 — EY

Selection rules

Degenerate Perturbation Theory

We need to find the basis that diagonalizes H! only within the degenerate space and not the full Hilbert space.



Time-Dependent Perturbation Theory

Method of variation of constants

Developed by Paul Dirac. Let H (t) = H® + H'(t) and assume that we know the eigenstates |n’) of H® which form a
complete basis then

[$(t) =Y ealt)n’)
_ Z dn(t)e—iEnt/h|n0>

= ih%lt/}(t)) = (H + H ®)[p(1)) = Y (ihd, + En)e B/ |n0)

n

dd —1 .
SL = S H Bl du(t) e B0

in the above eqn we need to substitute i th order solution to get i + 1 th order. Let at [1(0)) = |i°) then d; to the zeroth
orderis d7; =

t i(B}—-E))
/ at (fO\H\#))e R

i

d (t) +d () = 67 — 5

|d¢|* is the probability that the state will go from [i®)$ to | f0) if we apply H'(¢) from 0 — ¢. d; = transition amplitude.

Ef E0
Often we define wy; = T
Sudden Perturbation
€/2

lim ih(|®(e/2)) — |¥(—€/2))) = H|¥(t))dt =0

e—0 —6/2
unless H is a multiple of 5(t). If the transition probability
is calculated perturbatively, it must vanish to any given order.
Adiabatic Perturbation
Let H(t)|n(t)) = En(t)|n(t)) and |3(t) Z cn(t)|n(t)) (complete basis) then

(1) = H(t)|v(t)
:>th0” t)|n(t) +ch )n(t))) ch t)E, (t)|n(t))

= ihiCy, (t) + th cn(t 1(t)) = e (t)Ep (t)
HOIn(0) + HORE) = B, Oln() + B, 0l ()
= mopa) =~ TOTORD
= 60+ (1Bn(@) + @) ) en(t) = 3 TUHEIROL

neglect the right hand side if H( ) is small and there is a finite gap En, (t) — En(t) # 0 between the energies.
= cn(t) = cn(0)€” VeV = o, () = |ca(0)[?




-1 rt t
with the dynamical phase 0, (t) = = / E,,(t')dt' and geometric phase 7,, (t) = 2/ (m(t")|m(t'))dt
0 0
Periodic Perturbation
Let H'(t) = H'e ™! be started at t = 0 then
ot
dy(0) =~ [t (i) e
0
: t
— () [t e
0
(fOHi%)?

= Proy = ldp(0)? = =

sin((wg; —w)t/2)\2 ,
(wﬁf— )2 )t

For small £, the system shows no particular preference for the level with
EY = E? + hw. Only when wt >> 27 does it begin to favor E¢ = E? + hw. Now we know that §(z) =
1
1 I i
— lim e*?dr = lim M
2w e—~0 | 1 e—0 T
. (fO|H"3%) o ASOH)? 2
im Py = 2 (g — w)/2)m)? = 4 6w — )

since & (aux) = % and

lim sin” (yt) = lim o) = 8(y) = 6(y)* = lim (5(y)£

t—00 7Ty2t t—o0 7t t—00 T

Fermi's golden rule

Derived by Dirac.

Ry = = —[(f*|H"[")*$(E} — E} — hw)

T h

The transition probability per unit of time from the initial state |2) to a set of final states | f) is essentially constant.

Harmonic Perturbation

H'(t) = V exp(iwt) + V1 exp(—iwt) (emission+absorption)
cr(t) = —1 [ [Vyi exp(......iwt")] exp(iw;t')dt’
it . . . .
ce(t) = —% (Vi exp [i(wyg;)t/2] sinc [(w + wy; )t/2] —|—Vsz- exp [—i(w — wy;)t/2] sinc [(w — wﬁ)t/2]> ,
Prg(t) = & {[VyilPsine? [(w + wpi)t/2) + [V Psine? [(w — wpi)t/2] }
Detailed balancing:
emission rate for i -> [n] /density of final states for [n] =
absorption rate for n -> [il/density of final states for [i]

For constant perturbation, we obtain appreciable transition
probability for i°) — [n®) only if E,, & E; . In contrast, for harmonic perturbation, we have appreciable transition
probability only if F,, ~ F — ihw (stimulated emission) or F,, = 1fw (absorption).

Interaction of Atoms with Radiation

1

5 (0 (P —qA))’ +gg| [¥) = iﬁ%IW

Pictures



Heisenberg Interaction
Ket state constant | 1(t)) = etost/h | 4hg(t))
EhecmElE Al (t) — ¢iHs t/hASefiHs t/h Ay (t) — giHos t/hASefiHo,s t/h
ai?fi')i(ty constant p1(t) = etos t/hps (1E)e_iH°*s t/h

Heisenberg Picture

Interaction Picture

If Hs = Hos + Hig,

m%\%(m — Hyi(t)|¢a(t)),

z‘h%AI(t) — [Ar(t), Hyg).
i L on(t) = [Hux(8), pr(0))

dt

Method of Dyson series

Scattering Theory

Lippmann-Schwinger equation

Schrodinger

| s(t)) = e M | 4hg(0))

constant

ps (t) _ e—iHs t/hps(o)eiHs t/h

Let H = Hy + V, where the eigenstates of Hy are known exactly, and the potential V gives corrections that are small in

some sense

Hol¢) = El¢)
If the energies E are continuous, we should be able to find an eigenstate |1)) of the full Hamiltonian with the same
eigenvalue:

Hly) = Ely)
we can see that if

9) = 1) + =——=VI¥)
B E — Hy

= (E - Ho)[¢)) = (E — Ho)l¢) + V¢)
= (H — H)l¢) = V|¢) = (E - E)[¢) + V[¢h)

also if we define Il g =
E — H,

[v) = [¢) + sV (|¢) + s Vi)
= ) = [¢) + sV (|¢) + MrsV (o) + sV e)))
= ) = ([ +HpsV +UpgVILgV +---)[¢)

we often define the transfer matrix by 7'|¢) = V|)) then

T=V + VsV + VIIgsVILsV + ---


https://en.wikipedia.org/wiki/Heisenberg_picture
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Butll;g = E+HO is not defined since £ — H is singular in matrix form. So, we add +ie for some € > 0 and H%) =

————— and in the end we can apply € — 0
FE — Hy + ie

)y _ Y
¥ =18+ g V)

R

Fle) = (Flg) + /f”;—%;;@mwwww>

Vi)

- &
1
— (5 B ——— 55— VTV (£)
<p|¢>+/ pE_%j”,E P =)D V')
1
(P]9) — (PIVI]p'=)
2m

as expected using (p|ly*)) = <ﬁ\¢> (1_7'|H(LiS)V]1/J(i ). Note that (p|p') = 6(p — p') = Dirac 7t Kronecker as they
are not normalizable. By defining ) |¢) = V|p(*)) we get Tﬂa (| TH) |¢g) = <¢5|V|¢a >

\¢$A:4¢@%1/dgwwémﬁﬂwa>

Eg + ie
T3, |65)
= | dp—252

Green's function

@wwwﬂa@+/ffw——i—fwwmwwm

E — Ho + ie
) = (#19) - 22 [ Sy
xr = (T h2 xr 47-‘-’){ x,‘
Lot G o, ) = 22 (KT i) then G ) = —
; 2m LS ’ 4r|x — x'|

The cross section

ek

Figure 10.4: Scattering of waves; an incoming plane wave generates an outgoing spherical wave.

The general solution for a scattering is




here f(k, k') is the scattering amplitude.
In writing above eqn we have used the elasticity of the scattering, imposing the condition that the outgoing wave has the
same momentum, k = | k|, as the incoming wave.

Differential cross section is 92 = |f(k, k)2
- - m = iﬂl-fl . 5
F5, ) = 5P @IV = =7 [ @3 ® 2 v(@) (@ w)

Spherically symmetric
Optical theorem

Derived by Werner Heisenberg.

2m
Otot = L9 40 = / / —s1n0d9d<p
tot }éﬂ 10

koot

Imf(k, k) = Imf(6 = 0) = o

Born approximation

The above semi-blue equation for local (i.e. (x'|V|x") = V (x') §®) (x' — x"")) potentials will become:

+ik|x—x'|
%) 30 € (2 )
(@) = (Z]¢) — d’@ 47r‘x_x,‘V(w)<w )
For large 7 = |Z|
ik|x—x'
@) = @lg) — 22 [Py @)
4r|x — x/|

ped s

In the above blue equation we can substitute (Z|1(Y)) = () (Z') &~ $(Z') = **¥ up to the Oth order and we will get
the 1sr order solution. We can go on similarly to get higher order solutions.

1st order
+ik|x—x'| -,
(@™ = (3lo) - o [ P72 (a)e*
4m|x — x'|
PN m = —ik'-E AV,
FO R F) = 5 / Pie IV ) @)
f(l)(,;,];/)_ 27:’;2 Bz eiF- E)i'v(‘%/)
Spherical
12m 1 > r2 ) .
(1) _ -2 T iqgr __—iqr
F(6) 5 72 iq/o " V(r) (e e )dr
:_2_m1/' rV (r) sin grdr
R q 0

2nd order



ﬁw>wm>

_ 47rh2 d3 I/3ll—zkxv( )

X {2hm G, (x',x )] V (x") e*x’

Validity
¢ [f the potential is strong enough to develop a bound state, the Born approximation will probably give a misleading result.
¢ Quite generally, the Born approximation tends to get better at higher energies.

Let us assume that a "typical" value for the potential energy V(a:) is V; and that it acts within some "range" a. Writing 7’ =
Iz — o'l

om [ 4n 3 eikr’ eik-x’ eik-x
h2 \ 3 Ama " L3/? L3/?
Partial-wave analysis
The Free Particle in Spherical Coordinates
Let Ygm (7, 6, ¢) = Ry (r)Y,"(0, ¢) and R = l—]fi then
d? 2 I(1+1) 9 2uE
[ﬁ*k r}%HOkZF‘
if p = kr then
a2 1(1+1)
R A alLEL
Now analogous to harmonic oscillator we define
d [+1 t d +1
d — I d = —_——— _—

Note that d% is anti-Hermitian since i% is Hermitian.

2 l(l+1
dld}: {—W—F—( 7 )}

did; = dydf
= didiU = U,
= dldd/U, = d/U,
= dz+1dl+1d U = diU
= dlU; = qUp

I+1

choose ¢; = 1, for it can always be absorbed in the normalization. We can find the following two independent solutions for
Uo

Us'(p) =sinp, Uy =—cosp

Now UOB is unacceptable at p = 0 since it should go to 0. If, however, one is considering the equation in a region that
excludes the origin, U({B must be included. Using the definition of U; we can find R;


https://en.wikipedia.org/wiki/Partial-wave_analysis

1d)\’ sin p
i =5=(-p) b dp P

l
by (LA (s

71 and n; are the spherical Bessel functions and Neumann functions of order [ respectively.

. sin p —cos p
Jo(p) = P no(p) =
1 (p) sinp cosp () cosp sinp
np) = - ni(p) = — -
p? p p? p
2(p) (3 1) . 3cosp ) (3 8>l<—cosp>
22pP)=|———|smp— na(p) =—(—-——
Fop p? pp p
71 are regular and n; are irregular since
ji(p s
p—0 (20 + )N
(20 —1)N
ni(p) P e

o 2
. . 2
/0 Gi(kr)gi (K'r) r°dr = m& (k— K

h2k2
Yo (r,0,6) = i(kr)Y" (6,6), E =

2
¢E1m¢E’l'm"l“2 drdQ) = —6 (k — k,) 5ll’ 6mm’
k2

Connection with the Solution in Cartesian Coordinates

Consider now the case of a particle moving along the z axis with momentum p. Since % = krcos6

1 , P’ R k2
_ ipr/h E =2 —
¢E($7y7 Z) (27Th)3/26 Y 2[1, 2[1,
eikr cos
= Y(r,0,6) = ———
ve(r8.9) = rmyn

Partial wave expansion
The incoming wave can be written as

o0

R gikreosd _ Z i'(21 4 1)5:(kr) Pi(cos )
1=0

) 1
ikz .]
R ZI_O PE+)

ei(kr—im/2) e—i(kr—im/2)
( T r

- ) Pi(cos 6)

the full wave can be expressed as



P(r,0) = Z bRy (r) P (cos 6)

=0

e—zkr

P(r,0) — Zblz e ¥ Py(cos 6) +

2zkr Z bi(—i)'e Py(cos 6)

7—00 k

the full wave can also be expressed as

3

ikr

it (21 + 1)j;(kr)P;(cos 8) + f(0 )e
=0 T
6) s N a1 4 1)P(cos
$00) 2~ S DR(eosd)
Ny ii (=) (21 + 1)P, (cos )
T 21k — !

comparing the asymptotic coefficients we get

by = %(26 +1)e™

o= Z Z sm2 o
1=0 1=0
10) =3 A :ikZlePlcose)(ml—U
1=0 =0
% Z (21 + 1)e™ sin &; P;(cos 6)
£(6,k) =Y (21 + 1)a(k)Py(cosb)
=0
ai(k) = e —1 e ging;

2k k

oo

f(0) = % Z(2l + 1)e™ sin §; P,(cos 6)
1=0

FO =) 22;; 1Pg(cos 9) (e* —1)
=0

Formulas used to derive f(0)

il(kr) — sin(kr — lm/2)
r—00 kr

(k) — _ cos(kr —Im/2)
r—o0 kr

sin(kr — lm/2)

cos(kr — lm/2)
R A - B
() N kr : kr
sin (kr — Im/2 + &;)

Rkl(’l‘) 7:)0 Cl or

2
2l +1

/ Py(cos @) Py (cosf)sinfd(0) = o
0



Optical theorem

The Hard Sphere

Vir)=o00, r<rgand=0, 7>

Ry (r9) =0
B Ji (kro)
= =t SR
Al ny (k’r‘o)
4, (-B _1 | g1 (kro)
o=t L 2) — ¢ 22— g
=0 an ( A, > an {nl (oro) 70

The hard sphere has pushed out the wave function, forcing it to start its sinusoidal oscillations at 7 = rq instead of » = 0. In
general, repulsive potentials give negative phase shifts (since they slow down the particle and reduce the phase shift per
unit length) while attractive potentials give positive phase shifts (for the opposite reason).

fk—0

Resonances

tan & 25 o & o< (kro) ™

Near resonance d; will be of the form

Now neglect 85 then

r/2
_ -1
6, = O + tan (EO—E>

4
o = —W(2l + 1) sin? §;

k2
_ A (r/2)?
—E~E, k2 (2l + 1) (Eo B E)z 4 (F/2)2

0, is described by a bell-shaped curve, called the Breit-Wigner form, with a maximum height ;%" (the unitarity bound) and
a half-width I" /2. This phenomenon is called a resonance.

Appendix

Dirac Delta

l

@E) = G

1 ©
5@ ) = — [ D @
Y ) P

(7 —17) :%(5(7'—TI)(s(COSQ—COSOI)(;((p—QDI)
b )86 0)3 (o~ &)

2 sin 0




Cauchy integration formula

To calculate a integral on the real line we can extrapolate it into a closed integral extending to the side of 00 or
—100 depending on whether it goes to zero on 100 or —%00.
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